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The harmonic oscillator is a foundational concept in both theoretical and experimental quantum
mechanics. Here, we demonstrate harmonic oscillators in a semiconductor platform by faithfully
implementing continuously graded alloy semiconductor quantum wells. Unlike current technology, this
technique avoids interfaces that can hamper the system and allows for the production of multiwell stacks
several micrometers thick. The experimentally measured system oscillations are at 3 THz for two structures
containing 18 and 54 parabolic quantum wells. Absorption at room temperature is achieved: this is as
expected from a parabolic potential and is unlike square quantum wells that require cryogenic operation.
Linewidths below 11% of the central frequency are obtained up to 150 K, with a 5.6% linewidth obtained at
10 K. Furthermore, we show that the system correctly displays an absence of nonlinearity despite electron-
electron interactions—analogous to the Kohn theorem. These high-quality structures already open up
several new experimental vistas.

DOI: 10.1103/PhysRevLett.125.097403

Harmonic oscillators are ubiquitous in physics.
Pendulums, vibrational modes in molecules, resonant
electrical circuits, and many other systems can be modeled
as harmonic oscillators. Even tools like Fourier transforms
and second quantization have their roots in the mathematics
of harmonic oscillation. With such wide-ranging usage,
implementing harmonic oscillators in the real world—as
faithfully as possible—remains a compelling challenge.
For quantum harmonic oscillators, some prominent tech-

niques exist, including parabolic optical traps and Landau
levels in cyclotron systems. However, semiconductor het-
erostructures are an attractive platform because band gap
engineering allows for near-direct control over the shape of
the nanometer-scale parabolic potential. Such systems are
interesting from both a theoretical and practical standpoint.
One striking feature is that their oscillation frequency is
almost completely governed by the bare parabolic potential.
Electron-electron interactions cancel out—similar to the
Kohn theorem in cyclotron systems [1]—leaving the reso-
nance frequency almost completely independent of the
charge distribution [2]. Besides its elegance, this result
means that semiconductor parabolic quantum wells are
remarkably robust to thermal charge fluctuations.
This feat is particularly relevant in terahertz optoelec-

tronics, which is the subject of intense research in view of
applications in communications, medicine, security, and

fundamental science [3]. Thermal charge fluctuations play
a key role in these devices—usually a detrimental one. One
of the most promising emitters, the terahertz quantum
cascade laser, has long struggled to reach operating temper-
atures above 200 K [4,5]. The situation for detectors is even
worse, with terahertz quantum well infrared photodetectors
failing above 25 K [6].
Semiconductor parabolic quantum wells (PQWs) have

already shown early promise in the terahertz range.
Recently, there has been growing interest to push terahertz
devices into the strong-coupling regime [7], where one can
envision new sources of coherent [8] or nonclassical [9]
light. Square quantum wells are inadequate here, because
they exhibit a serious degradation of the absorption
resonance above cryogenic temperatures [10]. Although
the thermal degradation can be mitigated through the use of
collective modes [11], this requires heavy doping levels,
which lead to impurity scattering and strong plasma blue-
shifts that are especially troublesome in the terahertz
regime. So, the fact that terahertz parabolic potentials have
a transition independent on charge distribution is a key
advantage here, and there is already preliminary evidence
of room temperature strong coupling in semiconductor
systems [12].
Growing high-quality PQWs is challenging, however,

and this has limited their application. Most studies of
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PQWs took place at the end of the 1980s, focusing on their
structural analysis [13] or on 2D electronic gases for
transport applications [14–17]. More recently, the interband
optical properties have been studied in undoped structures
[18]. However, the majority of these works only approxi-
mated the parabolic potentials via digital alloys. While
some studies used smoothly graded wells, the techniques
were difficult to scale up accurately for the large PQW
arrays needed for terahertz devices. To date, the terahertz
optical response of PQWs has only been studied in digital
alloys [12,19], with intersubband (ISB) linewidths limited
to ≥10%, even at 4 K.
In this Letter, we demonstrate arrays of harmonic

oscillators in a semiconductor platform by faithfully
implementing true parabolic potentials with continuously
graded AlxGa1−xAs alloy semiconductor quantum wells
(QWs). The system shows robust harmonic oscillator
behavior at 3 THz up to room temperature. Linewidths
below 11% are obtained up to 150 K (with a 5.6% linewidth
obtained at 10 K), and the resonance frequency is stable
with respect to both temperature and doping variations.
We grew two PQWarray systems—one with a stack of 54

PQWs with 1 × 1011 cm−2 electrons per well and the other
with a stack of 18 PQWs with 3 × 1011 cm−2 electrons per
well. The wells were realized in an AlxGa1−xAs material
system by varying the Al composition x in the 2%–30%
range along the growth direction [Figs. 1(a) and 1(c)]. TheAl
composition was controlled during growth by careful com-
pensation of the Al cell’s thermal dynamics [20] [Fig. 1(c)].
With this method, we can achieve precise control over the Al
composition at standard growth rates >0.15 nm and with
substrate rotation tomitigate nonuniformity across thewafer.
Unlike feedback-loop-based approaches (e.g., Ref. [21]), our

method does not require real-time flux measurement
during growth. The PQWs were each 103.8 nm wide,
separated by 10 nm barriers comprising 4=2=4 nm of
Al0.3Ga0.7As=GaAs=Al0.3Ga0.7As. Si doping was placed
in the GaAs region in the center of the barrier.
To analyze the quality of the PQW stacks, we measured

the terahertz transmission with a Fourier spectrometer
(details in the Supplemental Material [22]). The results
are reported in Fig. 2. An absorption resonance is observed
in both samples near 3 THz; it is already very clear at room
temperature and narrows further as the samples are cooled.
The absorption behavior is consistent with a strong, unified
QW resonance and minimal inhomogeneous broadening.
To extract more quantitative information, we fitted the data
with an empirical model. We used a single-mode form of
the dielectric tensor for the PQW stack, with the growth-
direction (z) component as [23]

1

ϵzzðωÞ
¼ 1

ϵs

�
1þ ω2

P

ω2 − ω2
0 þ iγω

�
: ð1Þ

Here ϵsð≈ϵxx ¼ ϵyyÞ is the average static dielectric
constant of the PQW stack. The parameters ω0, γ, and
ωP can be intuitively understood as the resonant frequency,
homogeneous linewidth, and plasma frequency, respec-
tively, but they are treated here as parameters to be fitted.
This dielectric tensor is fed into a transfer matrix model to
calculate the power transmission through the sample. In the
limits of long wavelength (thin active region) and low
absorption, this approach reduces to a simpler exponen-
tially decaying power rule [24]. While the exponential
decay model is commonly employed in multipass absorp-
tion, here the full transfer matrix approach is necessary to

(a) (b) (c)

FIG. 1. (a) Schrodinger-Poisson simulation of a periodic stack of PQWs at 300 K, performed with nextnano. The bare (undoped) PQW
intersubband transition energy is ∼3 THz. Modulation doping of 1 × 1011 cm−2 per well is placed in 2 nm square wells in between the
PQWs. The black curve shows the conduction band edge, while the green curves show the squared envelope wave functions, shifted
according to their subband energy. (b) In-plane subband dispersions of the same simulation. Shaded regions represent the relative
electron occupation. In both (a) and (b), the dashed lines correspond to the bound state of the square doping well. (c) Top: target
composition (dashed) and measured composition (solid), based on direct flux measurements from the Al cell, using an ion gauge.
(c) Bottom: shows the difference between the two curves.

PHYSICAL REVIEW LETTERS 125, 097403 (2020)

097403-2



explain the apparent asymmetry of the peaks, which arises
due to variations in the electric field overlap with the PQW
stack as a function of wavelength.
The experimentally extracted linewidths γ are shown in

Fig. 2(c) as a function of temperature. They are consistently
smaller than 30% of the transition frequency, reaching just
5.6% for the lighter-doped, 54-well sample at 10 K.
Remarkably, for this sample, γ remains below 11% right
up to 150 K, while the integrated absorption is nearly
constant with temperature [Fig. 3(a)]. This is in contrast to
terahertz transitions in square QWs, which experience
both significant broadening and a sharp dropoff of the
fundamental absorption peak with temperature. Of particu-
lar interest for experimental applications is the region
77–150 K, wherein these PQWs exhibit linewidths better
than 11%, providing a high-quality terahertz resonance
above liquid nitrogen temperatures.
Another notable feature of the absorption data is the

stability of the resonant frequency ω0, which varies only
from 2.8 to 3.0 THz across all the temperatures and doping
levels that we have studied. The stability of the peak
position with doping, in particular, provides an elegant
demonstration of the results of Ref. [2], similar to the Kohn
theorem for cyclotron systems.
Understanding this and more fully modeling the absorp-

tion behavior of these PQWs is a subtle task. At the doping
levels studied here, the Hartree potential leads to a
significant redshift of the ISB transition energy, on the
order of several meV. Furthermore, over most of the
temperatures and doping levels studied, several subbands
are occupied, which would seemingly preclude the use of a
single-resonator model like Eq. (1).
To explain the simplicity and stability of our observed

absorption peaks, we must go beyond the single-electron
approximation and include interactions between the differ-
ent ISB plasmon modes. In this case, a QW can still be

modeled with an effective permittivity tensor, with a
growth-direction component of the form

1

ϵzzðωÞ
¼ 1

ϵs

�
1þ

X
j

Ω2
P;j

ω2 − Ω2
j þ iΓjω

�
; ð2Þ

Here ΩP;j, Ωj, and Γj are the weights, resonance frequen-
cies, and homogeneous linewidths, respectively, of the
absorption modes. However, these are now collective
“multisubband” plasmon modes that arise from the inter-
action between different ISB transitions [11]. The weights
and resonance frequencies can be calculated using either a
quantum approach [27] or a semiclassical approach [28],
which are equivalent in the long-wavelength limit.
In the case of a PQW, such modeling predicts that almost

all of the absorption strength should be concentrated in a
single mode j, whose frequency Ωj is locked to the bare
ISB transition of the undoped well—regardless of doping
and temperature [11]. This notable behavior of harmonic
systems is exactly what we see experimentally in Fig. 2.
While the overall behavior is as expected, a more

precise comparison between model and theory illuminates
lingering uncertainties. The composition profile of the
grown structures was designed using next [29]—a
Schrödinger-Poisson solver—to give a perfectly quadratic
conduction band in the absence of doping. The full model
(quantum or semiclassical) then predicts that this compo-
sition profile should give a stable absorption resonance at
around 3.3 THz—shown for the 54-well sample in the solid
lines of Fig. 3(b).
This predicted absorption frequency is around 0.3 THz

higher than what is experimentally observed. One possible
explanation for this discrepancy is the dependence of
the AlxGa1−xAs band gap on composition. Nextnano uses,
by default, the cubic dependence recommended by

(a) (b) (c)

FIG. 2. Transmission measurements for the two PQW samples over a range of temperatures. (a) 54 PQWs doped at 1 × 1011 cm−2 per
well. (b) 18 PQWs doped at 3 × 1011 cm−2 per well. In both (a) and (b), solid lines show the measured transmission spectra, and dotted
lines show the empirical fit. Measurements at different temperatures are offset by 6 dB for clarity. (c) Linewidth γ as a function of
temperature. γ was extracted from fits of the transmission data and it is expressed as a percentage of the fitted center frequency ω0.
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Ref. [25]. However, careful measurements of AlxGa1−xAs
composition and band gap show that a linear dependence
would be more appropriate for x < 0.45 [26]. This dis-
tinction amounts to a minor correction for QWs with
single-composition barriers, but could have a significant
impact on smoothly graded PQWs, as clarified in Fig. 3(b).
A relatively small deviation in the conduction band
edge [Fig. 3(b), inset] widens the PQW and leads to a
significant shift in the peak position. We see that the band
gap dependence of Ref. [26] predicts a peak position close
to what is experimentally measured.
This issue of the conduction band edge dependence on

composition should appear whether doping is present or not.
So, to further characterize the PQWs, we performed photo-
luminescence excitation (PLE) measurements on undoped
samples at∼10 K. In this case, a stack of 10 undoped PQWs
was grown using otherwise identical growth conditions as
the doped samples. The 2 nm GaAs wells were skipped so
that the barriers were 8 nm of Al0.30Ga0.70As.
The PLE measurements provide a series of peaks corre-

sponding to the CBn → HHm transitions (n and m being
subband indices). For PQWs like these, we expect to see an
evenly spaced ladder of subbands in both the conduction
(CB) and heavy hole (HH) bands. So, from the series of PLE
peaks, we can extract the spacing between adjacent sub-
bands. After accounting for exciton binding energies using a
variational approach [30], we found subband spacings of
ΔEHH=h ¼ 1.1 and ΔECB=h ¼ 3.0 THz. (Further details
are provided in the Supplemental Material [22].)
These results are in good agreement with eight-band

k · p modeling in nextnano, as long as the band gap
dependence of Ref. [26] is used. Moreover, the CB subband
spacing extracted from PLE is consistent with the

absorption resonance of the 1 × 1011 cm−2-doped sample
at 10 K [Fig 2(a)]. This agreement between the absorption
results and the bare ISB frequency calculated by PLE
further supports the result of Ref. [2] that the PQW
absorption frequency is independent of the number or
distribution of electrons. It would, further, seem to suggest
that the band gap dependence of Ref. [26] is closer to the
correct one—however, other discrepancies still need to be
addressed. For example, the absorption resonances based
on Ref. [26] [Fig. 3(b), dashed lines] predict a blueshift
with temperature, while Figs. 2(a) and 2(b) show a clear
redshift.
One possible explanation for this is our use of the

effective mass approximation in the calculation of Fig. 3.
The approaches of Refs. [27,28] require a well-defined
effective mass that is the same for each subband. This
assumption cannot be made for PQWs in AlxGa1−xAs: the
effective mass for each subband is different, as the electrons
in higher subbands see a larger aluminum composition on
average. The full dispersion of each subband needs to be
accounted for, and the transition currents should be defined
in a manner that is compatible with the k · p method.
Initial approaches that have been employed to account

for this [31] implicitly rely on the assumption that the
overlap length of the ISB transition currents is constant.
This is approximately true for square QWs, but it does not
hold for other quantum well shapes [11]. For PQWs, where
the wave function spread increases substantially with the
level energies [see Fig. 1(a)], a more general approach is
needed to incorporate the full k · p results.
Nevertheless, there is no guarantee that including the full

subband dispersions would explain the experimentally
observed redshift. Another possibility is that the 60∶40

(a) (b)

FIG. 3. (a) Measured absorption strength of the doped samples. Absorption strength here is defined as ωP
ffiffiffiffiffiffiffiffiffiffi
NQW

p
, where ωP is

extracted by fitting the data with Eq. (1), and NQW is the number of wells in the sample. (b) Calculated absorption spectra for the sample
doped at 1 × 1011 cm−2. Absorption is quantified by Im½1=εðωÞ�, using Eq. (2). A constant, arbitrarily chosen Γj ¼ 1 meV was used to
isolate the multisubband plasmon effects. The composition profile is assumed to follow that of the grown sample. However, two different
relationships are used for the AlxGa1−xAs band gap vs composition. The solid curves correspond to the cubic dependence recommended
by [25]. The dashed lines correspond to the linear dependence of [26]. In both cases, a 60∶40 split was used between conduction and
valence band offsets. The inset shows the two CB edge profiles vs position in the growth direction.
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split between conduction and valence band offset is not
perfectly constant with composition. As with the band gap,
this might only amount to a minor correction for square
wells, but could still have a significant impact on PQW
behavior.
Figure 3(b) demonstrates the importance of such issues—

not only do they affect the absorption peak position, but they
can affect the linewidth as well. The dashed lines of Fig. 3(b)
exhibit a broadening at higher temperature, yet a constant,
phenomenological value Γj ¼ 1 meV ¼ 0.24 THz was
used in the simulations. This suggests that distortions to
the band edge profile could give rise to an inhomogeneous
broadening effect. At low temperatures there is a single
multisubband plasmon mode—like an ideal PQW—but at
higher temperatures this mode splits into several nearby
modes, giving an apparent broadening.
It remains unclear how much this contributes to the

experimentally observed linewidth. Other key factors could
include electron-electron scattering or scattering with ion-
ized impurities, phonons, or the alloy itself [32]. However,
the above observation suggests that further reduction of the
linewidth—beyond what we already observe in Fig. 2(c)—
could be possible by further refining the experimentally
implemented potential profile. This would require better
modeling, incorporating the full k · p picture, as well as
improved knowledge of key AlxGa1−xAs material proper-
ties. Other modifications, such as increased barrier width
to reduce impurity scattering, could also be beneficial,
depending on which factors are currently limiting the
linewidth.
In conclusion, we have demonstrated the growth of high-

quality harmonic oscillator arrays in AlxGa1−xAs alloys by
faithfully tracking the designed composition profile during
MBE growth. The system oscillates at 3 THz, from 10 K up
to room temperature, exhibiting narrow linewidths. In line
with Ref. [2], the oscillation frequency is largely indepen-
dent of doping and temperature, despite the presence of
significant Hartree potentials. Discrepancies between the
model and the results point toward key uncertainties in the
understanding of such systems.
The very high quality of these PQW systems opens up

several new vistas. Combined with terahertz optical
cavities, these systems could already enable the implemen-
tation of high-quality terahertz polariton devices operating
above liquid-nitrogen temperatures. Even in multipass
geometries similar to those employed in this Letter,
PQW stacks with low nonradiative scattering rates could
potentially be used to explore regimes in which radiative
losses play a more prominent role—analogous to demon-
strations of (super)radiantly limited linewidths [33,34].
Another very appealing research direction would be the
demonstration of ISB transitions in the subterahertz
region (200–600 GHz). This would enable the study of
the transport of a quantum hall system in strong coupling
with a microwave cavity, something that currently is

possible only with Landau level systems at extremely
low temperatures.
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